The uncertainty relations are discussed on a noncommutative plane when noncommutativity of momentum spaces is considered. It is possible to construct normalizable states by simultaneously saturating two coordinate-momentum uncertainty relations. However, under the natural condition θη 4 2 one can not construct a normalizable state by simultaneously saturating any other pairs out of four basic nontrivial uncertainty relations. 
Introduction
Recently, the issue of noncommutative quantum mechanics (NCQM) has been extensively discussed. This was initially motivated by studies of the low energy effective theory of a D-brane with a nonzero Neveu-Schwarz B field background, which show that physics in noncommutative space [1] [2] [3] [4] [5] [6] [7] is a possible candidate. Although the effects of noncommutativity should presumably become significant at very high energy scales (close to the string scale), to study at the level of quantum mechanics in noncommutative space is critical for clarifying some possible phenomenological consequences in solvable models. Many efforts have been devoted to the various aspects of noncommutative quantum mechanics, such as the Quantum Hall effect [8, 9] , the noncommutative Landau problem on a plane [10] [11] [12] , and the two-dimensional quantum system with arbitrary central potential [13, 14] , etc. It is worth noting that when only space-space noncommutativity emerges in a noncommutative plane, one cannot find a normalizable state by saturating any two out of three basic nontrivial uncertainty relations simultaneously [15] . In string theory noncommutativity appears only at the coordinates level, however, at quantum mechanical level momentum noncommutativity may naturally arise as a consequence of coordinates' noncommutativity, as momenta are defined as the partial derivatives of the action with respect to the noncommutative spatial coordinates [16] . Someone may ask if one can construct normalizable states by simultaneously saturating any pairs out of four basic uncertainty relations in noncommutative phase space. In this paper, we will give the answer. Our results show that it is possible to construct normalizable states by simultaneously saturating two coordinate-momentum uncertainty relations, but under the natural condition θη 4 2 one can not construct a normalizable state by simultaneously saturating any other pairs out of four basic nontrivial uncertainty relations. In order to develop the NCQM formulation we need to specify the phase space and the Hilbert space on which operators act. The Hilbert space can consistently be taken to be exactly the same as the Hilbert space of the corresponding commutative system [17] . As for the phase space we consider a noncommutative plane with both spacespace noncommutativity (space-time noncommutativity is not considered) and momentum-momentum noncommutativity. Considering the symmetry of the linear transformation between the noncommutative variables and the commutative variables, we choose the commutation relations introduced in reference [18] [
(1) where = 1 + θη 4 2 , and θ η are positive real parameters reflecting the noncommutativity of coordinates and momenta respectively. We can obtain (1) by using the following linear transformation
where the operators satisfy ordinary Heisenberg commutation relations
and other commutators of these operators vanish. This setup is consistent with the usual commutative spacetime quantum mechanics only if θη 4 2 . As we know, noncommutative properties may only be detected at string scale (10 −33 cm), and moreover, the theoretical analysis [18] also shows that the θη 4 2 hypothesis is consistent in the context of the results of the experiment by Nesvizhevsky et al. [19] [20] [21] , so we have the natural condition (θη 4 2 ), which will be taken as a starting point in our discussion. The work is arranged as follows: in Sec. 2 we review some general schemes in quantum mechanics; in Sec. 3 we prove that in noncommutative phase space it is possible to construct normalizable states by simultaneously saturating two coordinate-momentum uncertainty relations, but one can not construct a normalizable state by simultaneously saturating any other pairs out of four nontrivial basic uncertainty relations. Finally, some conclusions are presented in Sec. 4.
Some general schemes in quantum mechanics
First of all, let us review some general schemes in quantum mechanics [22] . Given two self-adjoint operatorsÂ B obeying [Â B ] = Ĉ , that derive the following inequalities
where Ψ is any normalized state, I is a unit operator, and 
Minimalization of uncertainty relations in noncommutative phase space
In this section we will prove that in noncommutative phase space it is possible to construct normalizable states by simultaneously saturating two coordinate-momentum uncertainty relations, but under a natural condition, one can not construct a normalizable state by simultaneously saturating any other pairs out of four nontrivial basic uncertainty relations. From (4) and (1) 
Constructing normalizable states by simultaneously saturating two coordinate-momentum uncertainty relations
Now let us define the state by simultaneously saturating (7c) and (7d). Then we have
here α = ˆ β = ˆ ψ α = ˆ β = ˆ . Note that γ = 0 δ = 0 (becauseˆ ˆ do not have normalizable eigenvectors).
From (2), we can express (8) in ordinary commutative coordinate representation. We have
The general solutions of (9a) and (9b) read respectively
where θ 2 − γ and θ 2 + δ are arbitrary functions. To make (10a) equal (10b), and make ( ) normalizable, we obtain
where C is a normalization constant. As a special case, we make α = β = α = β = 0, and we obtain the solution as
where the normalization constant C = 4 η π 2 2 θ .
One can check explicitly that (∆ˆ )
as it should be. In this case, it is easy to identify that in order to satisfy ∆ˆ ∆ˆ θ 2 and ∆ˆ ∆ˆ η 2 , we will obtain a constraint condition on parameterγ, which is
Theorem
Under the natural condition (θη 4 2 ), there is no normalizable state by simultaneously saturating: I (7a) and (7c); II (7a) and (7d); III (7b) and (7c); IV (7b) and (7d); V (7a) and (7b). We will provide evidence for case I (in a similar way for case II, III, and IV ) and case V. Then˜ ˜ ˜ ˜ satisfy the same algebra (1) . Assume that normalizable state ψ saturates both (7a) and (7c). From (5), we havẽ ψ = − γ˜ ψ ˜ ψ = − δ˜ ψ (14) note that γ = 0 δ = 0 (because˜ has no normalizable eigenvectors). We obtain
On the other hand, we have the commutative relations
and to maintain ψ as normalizable, one must have δ − θγ = γ − ηδ = 0, which implies
But we have the condition θη 4 2 , so ψ cannot be normalizable. Case V: Assume that normalizable state ψ saturates both (7a) and (7b). From (5), we have
Utilizing (2), we can express (18) in ordinary coordinate commutative representation. We have
The general solutions of (19a) and (19b) read respectively 
where C is a normalization constant. Obviously, the last condition conflicts with the natural condition θη 4 2 . Now we have confirmed the theorem completely.
Conclusions
In noncommutative phase space it is possible to construct normalizable states by simultaneously saturating two coordinate-momentum uncertainty relations. As a special case, we construct the states by simultaneously saturating two coordinate-momentum uncertainty relations in ordinary commutative coordinate representation. However, under the natural condition (θη 4 2 ), which has a solid theory and experiment foundation, one can not construct a normalizable state by simultaneously saturating any other pairs out of four basic uncertainty relations.
